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TRIANGLES

Pwpertles of Triangles

A Triangles

Three non-collinear co-planar points A, B, and C
joined by three line segments AB, BC, and CA form
AABC.

Elements of a Triangle

The six elements of a triangle are its three sides and
three angles. A, B, C are the vertices of AABC given

below:

Z1, Z2, /3 are its three interior angles; AB, BC,
and CA are its three sides; and £4, £5, £6 are its
three exterior angles formed when the sides of the
triangle are produced in that order.

Types of Triangles

According to the magnitude of its interior angles, a
triangle may be acute-angled, right-angled, or

obtuse-angled.
/\ _1\
Right-angled

Acute-angled .
(all angles < 90°) (one angle = 90%)

e

Obtuse-angled
(one angle > 90°)
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e Terms Associated with Triangles
e Congruency of Triangles

According to the measure of its sides, a triangle may
be equilateral, isosceles, or scalene.

o

i N

Scalene
(no sides equal)

Equilateral Isosceles
(three sides equal) (two sides equal)

Properties of Triangles

1. To prove: The sum of the interior angles of a
triangle 1s 180°.
Proof: Draw AABC and ¢ || BC such that £

passes through vertex A. Mark £1, £2, 23, Z4,
and £5 as shown below:

Now /L2 =/4
gatl. £33 = 4O (alternate interior angles)
But Z4 + £1 + £5 = 180°
Y I+ £3="180°

Thus, the sum of the interior angles of a
triangle is 180°. ) T b

(alternate interior angles)

(straight angle)

Try this!
If the sum of two angles of a triangle is

56°, find the third angle. What kind of
angle will it be?

203
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2. To prove: The sum of the length of two sides is
greater than the length of the third side of a
triangle.

Proof:

Case I: Construct AABC, given AB = 6 cm,
BC = 3 cm. and CA = 2 cm.
The arcs for BC = 3 cm and CA =2 cm do
not intersect at any point (Figure 26.1(1)).

Case II: Construct APQR, given PQ) = 5 cm,
QR = 3 cm, and RP = 2 cm.

The arcs for QR = 3 cm and RP = 2 cm

do not intersect but meet each other at point
R. But point R is on line segment PQ) itself
(Figure 26.1(11)).

Case |

Case Il

(1)

Fig. 26.1

Thus AABC and APQR are not possible with the
given measurements or a triangle is possible

only if the sum of two sides is greater than
the measure of the third side. Q.E.D.
3. To prove: The measure of an exterior angle is
equal to the sum of its two opposite interior
angles.

Proof: Extend side BC of AABC to form
exterior Z4.

@

Now Z3+ Z£4 = 180° (linear pair)
=  £4=180°-43
A
34
B C
But™ " T =
(from first property)

= Z] LY =1l — 23
= Zl& Ll=ud
Or, exterior angle is equal to the sum of

oppostite interior angles. QE.D.

Some Special Terms Related to
Triangles

Incentre

The point where the angle bisectors of all three interior angles
of a triangle meet is known as its incentre [Figure 26.2(1)].

The incircle [Figure 26.2(ii)], or the circle touching

all the three sides of a triangle, is drawn with the
incentre as its centre. '

Circumcentre

The point where the perpendicular bisectors of all the sides of

a triangle meet is known as its circumcentre [Figure 26.3(1)].

The circumcirele [Figure 26.3(11)], or the circle passing
through all the three vertices of a triangle, is drawn
with the circumcentre as its centre.
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¥
®) (1)
Fig. 26.3
Median

A median is a line joining the mid-point of a side of a
triangle to the vertex opposite it (Figure 26.4).

&

Fig. 26.4

Centroid

The centroid of a triangle is the point of intersection of s
three medians (Figure 26.5).

7

Fig. 26.5

Altitude

A perpendicular drawn from a vertex to its opposite side is

called an altitude of the triangle (Figure 26.6).
A A
P /
B G @A C

AB = base; CP = altitude BC = base; AQ = altitude

VAN

CA = base; BR = altitude
- Fig. 26.6

Downloaded from https:// www.studiestoday.com

Orthocentre

The point where the three altitudes of a triangle meet us known
as its orthocentre. The orthocentre of a scalene
triangle lies in its exterior.

Example 1: Find the value of xin Figure 26.7, given
ABC is an isosceles triangle.

In the given figure £1 = 71°
(vertically opposite angles)
As the given triangle is an isosceles triangle,
Ll = £2
= K617 °
x+ £l + £2 = 180°
(sum of interior angles of a triangle)

= x =180°— (L1 + £2)
=  x =180°—(71°+ 71°)
= x = 180° — 142° = 38°
A
1 2
D?1n>/|3 C\ G
E F

Fig. 26.7

Example 2: Find the value of x in Figure 26.8(1)

Connect points B and C and mark £1 and £2 as
shown in Figure 26.8(n).
In ADBC, Z1 + £2 + 124° = 180°
"l 2 A s e

124° = 56°
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+ (27° + Z£1) + (37° + £2) = 180° | " -
In AABC, x + (2 ) (_ : ) TT‘Y ,H_"s; s _q_*_,,f -
=5 g 97%d- RTO oLl el o] S r he fi fh ﬁf FIXiEL.
—» x4+ 970+ 370 4 5E0 — 18()° n the :gure egreafesf a ge Tt T
” ”d the smallest “"5’3 T B FrinEl
. the fonges-r side = |
fhe shorfesf s:de =

(substituting Z1 + £2 = 56° obtained earlier)
= x+ 120° = 180°
= x=180°-120° = 60°

Exercise 26.1

1. The angles of a triangle areintheratiol:4:5. 10. F ind the values of x in the following figures.
Find the magnitude of the angles.

2. The other two angles in a right-angled triangle
are in the ratio 3 : 7. Find the magnitude of the
angles of the triangle.

3. Is a triangle with the measure of its sides in the
ratio 3 : 9 : 5 possible?

X

4. If an exterior angle of a triangle is given as 3

and one of 1ts opposite interior angles is given

as 7 find the other opposite interior angle.

5. If AB 1 BC in AABC, where would its
orthacentre lie?

6. Can the centroid of a triangle lie in its exterior?

7. The angles of a triangle are x + 9, 6x — 6, and
9x + 1. Find the magnitude of the three angles.

8. In an 1sosceles triangle, a base angle is x and the
vertical angle is x + 6. Find the magnitude of
the three angles of the triangle.

9. In an 1sosceles triangle, the vertical angle is 6x
and a base angle is 4.5x. Find the magnitude of
the three angles of the triangle.

Congruency of Triangles Two angles of equal magnitude are sawd to be congruent to
Two line sggmt; {?fﬁ’quﬂz L‘fﬂgth are said to be Congruentto each other. In Flgurﬂ 2610, ZABC = APQR as the
each other. magnitude of both 1s 60°.
In Figure 26.9, line segment AB = PQ, 5 P
Q
3 cm ‘bds
A B 60° 60
B rG a
it g Fig. 26.10

@
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Two triangles in which all three angles and all three sides are
equal to each other are said to be congruent to each other. In
Figure 26.11, AABC = APQR as:

i) £ZABC, £ZBCA, and ZCAB are equal to
corresponding ZPQR, ZQRP, and ZRPQ
respectively.

(i) AB, BC, and CA are equal to corresponding
sides PQ, QR, and RP respectively.

A

Fig. 26.11

Remember
Congruent triangles have the same shape and
size which can be confirmed by coincident
superposition or superimposing one on the other
for perfect matching.

Similar triangles are the same in shape but not in
size. The corresponding angles of similar
triangles are all equal to each other.

Two triangles will be congruent to each other if any
one of the following rules of congruency are
satisfied.

1. SSS Rule

A
Two triangles are congru- :
ent to each other if all three b

sides of one triangle are

P
equal to the corresponding
sides of the other triangle R

(Figure 26.12). AABC = APQR
i by SSS

Fig. 26.12

2. SAS Rule 3
Two triangles are congru- /b\-.\
ent to each other if two
sidesand the included angle ~ © P 2
in one are equal to two sides /D\'v\
and the included angle in Q@ R
the other (Figure 26.13). Miﬁ zﬁgoﬂ
3. ASA Rule Fig. 26.13
Two triangles are congru- A
ent to each other if two /D\x
angles and the included side /[ \:7\
in one are equal to two N 2
angles and the included side m
in the other (Figure 26.14). . =
4. RHS Rule AABC = APQR
by ASA
Two right-angled triangles Fig. 26.14

are congruent to each A

other if the hypotenuse and \\
a side in one are equal to R £

the hypotenuse and the

corresponding side in the
other (Figure 26.15). b g 5

AABC = APQR by RHS

O W@

_ Fig. 26.15

Example 3: Find the length of

DC in Figure 26.16, given AB =

AD, ZBAE = ZDAE, and BC =

9 CI1i.

In ABAE and ADAL,
AB = AD (given)

/BAE = ZDAE (given)

AE = AE (same side)

A - C
/f

D
Fig. 26.16

Thus ABAE = ADAE (by SAS rule)
= BE = DE (corresponding sides
of congruent triangles)

Downloaded from https:// www.studiestoday.com @



Downloaded from https:// www.studiestoday.com

= ZBEA = ZDEA (corresponding angles
of congruent triangles)

= 180° — ZBEA = 180° — ZDEA
= £ZBEC = ZDEC (linear pairs)

In ABEC and ADEC

£ZBEC = ZDEC (Proved)
BE = DE (corresponding sides
of triangles)
and EC =EC (same side)
= ABEC = ADEC (by SAS rule)

=) BC =DC (corresponding sides of
congruent triangles)
As BC =5cm |
=> DC =5cm
Try H'ns’

A ABC has £ZA = 50°and o a 90° i A
A PQR has £Q = 90° and LR = ‘fO.

Are these two +riangles congrue'nf'?”' i

Exercise 26.2

1. Which of the following pairs of triangles are

congruent and why?
(1) In AABC, AB = 7 cm, CA = 8 cm, and

ZCAB = 60°
In APQR, PQ =8 cm, RP = 7 cm, and
ZRPQ = 60°
(1) In AABC, AB = 6 cm, CA = 5 cm, and
£ZBCA = 105°
In APQR, PQ =6 cm, RP = 5 cm, and
ZPQR = 105°
() In AABC, AB = 6 cm, CA = 8 cm, and
ZABC = 90°
In APQR, PQ = 6 cm, RP = 10 cm, and
ZPQR = 90°
(v) In AABC, BC = 6 cm, CA = 9 cm, and
ZABC = 90°
In APQR, PQ = 6 cm, RP = 9 cm, and
ZPQR = 90°
(v) In AABC, AB = 8 cm, ZABC = 70°, and
ZCAB = 60°
In APQR, PQ = 8 cm, ZPQR = 70°, and
ZRPQ = 60°
(vi) In AABC, CA = 6 cm, ZABC = 80°, and
ZLCAB = 50°
(vi1) In APQR, RP = 6 cm, ZPQR = 80°, and
ZRPQ = 50°

2. Are two right-angled triangles congruent if the
hypotenuse and base of one triangle are equal
to the hypotenuse and altitude of the other?

@

3. In Figure 26.17, is AABC = ABDE? Why?

Fig. 26.17

4. From Figure 26.18, given AABC = APQR, can

you say with certainty that BC | | QR?

Fig. 26.18

5. From Figure 26.19, can you tell with certainty

that AABC = APQR? What can you tell with
certainty about the two triangles?

Fig. 26.19

6. Show that the diagonal of a parallelogram

divides it into two congruent triangles.
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7. Show that the median connecting the vertex of  11. Given altitudes CP = BQ in Figure 26.23, show

an isosceles triangle to the mid-point of its base, that AB = AC.
divides it into two congruent triangles.
8. In Figure 26.20, find B i 3
£DCE, given AE = ED, A |
ZEBC = ZECB, and P Q
ZABE = 35°. - D
9. In Figure 26.21, find the N9
- length of DB, given DE = Fig. 26.20
15 cm. . 12. In Fig. 26.24, if ZDCA = ZECB, DC = EC,
and AC = 12 cm, find the length of BC.
E
C
B
D
C
Fig. 26.21 A 5 - B
Fig. 26.24

10. Given ZBAE = 59° in Figure 26.22, find the

itude of ZBCE.
magnitude 0 13. X, Y, and Z are the mid-points of the sides AB,

y BC, and AC, respectively, of an isosceles AABC,
B / 3 where AB = AC. Show that AXBY = AZYC.
| \E 14. X, Y, and Z are the mid-points of the sides AB,
c | BC, and AC of an equilateral AABC
Fig. 26.22 respectively. Show that AY = BZ = CX.

More Theorems on Measures 1. If two sides of a triangle are equal, the angles opposite
A and Magnitudes of Triangles to them are also equal.

This theorem describes the property of an

A theorem is a statement that can be demonstrated isosceles triangle, like AABC shown in
or proved to be true using axioms or facts that are Figure 26.25, where

known to be true. Once a theorem is proved, a AB = AC

corollary or another statement can be derived from = Z/ACB = ZABC (opposite angles)
it. This section covers 4 theorems, the proofs of Conversely, if ZABC = ZACB in AABC
which will not be cavereg at this level. = AC=AB (opposite sides)

II. If two sides of a triangle are unequal, the greater side
has the greater angle opposite to it.
This theorem describes a scalene triangle, like
AABC in Figure 26.26, where
AC > AB

B C = LABC > ZBCA (opposite angles)
Fig. 26.25
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Conversely, if ZCAB > ZBCA,
= BC>AB

A

Fig. 26.26

Example 4: In AABC (Figure 26.27), AB = AC and

P is a point on its base BC. Show that AC > AP <

AB.

As AB=AC

= Ll =22

Now £3 = Z£2 + £5 (exterior angle being sum

of opposite interior angles)

= I =R (as £2 = £1)

= XL3> /L]

= ABSAF (opposite sides)

Similarly Z4 = Z1 + £6 C

= L4=L2+ L6 P

= Z4> 22

= AC> AP

Thus, AC>AP<AB -
Fig. 26.27

Example 5: Identify the longest and shortest sides

in AABC (Figure 26.28).

ZABC = 180° — 100° = 80° (linear pair)
ZBCA = 180° — 140° = 40° (linear pair)
ZCAB = 180° — (80° + 40°) = 60°

i (sum of angles being 180°)

140°

B
P 100° C

Fig. 26.28

Thus, side opposite ZABC or AC is the longest side
and the side opposite ZBCA or AB is the shortest
side in AABC.

@

IIl. Mid-point Theorem
The line segment joining the mid-points of any two sides
of a triangle is parallel to the third side and equal to
half of t.
In the three triangles shown in Figure 26.29,
DE is the line segment joining the mid-points
of sides AB and CA.
A A

i
FEN

C

Wi
Wavavii

Fig. 26.29

1
DE || BC and DE = EBC’ where AD = DB

and AE = EC.
Conversely, if AD = DB, DE || BC, and

1
DE = 3 BG, then AE = EC or if a line segment

is drawn from the mid-point of any one side of
a triangle parallel to an adjacent side and equal
to half its length, it meets the mid-point of the
third side.

Example 6: In AABC (Figure 26.30), the vertices

of ADEF are on the mid-points of its sides. If
DE + EF + FD = 7.8 cm, find the measure of

BC + AB + AC.

A

Fig. 26.30
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... BC=2DE
) -h;ﬂ'gz'Aq': 2EF

rﬂ f - *'@f;rfA.C ,=,2D

= BC + AB + AC = 2DE + 2EF + 2DF
= 2(DE + EF + DF)
= 2x7.8cm
= 15.6 cm

Example 7: If D, E, and F are the mid-points of
the three sides of AABC (Figure 26.31), show that

BO = EO.
A

o)

B L kR C
Fig. 26.31

As EF joins the mid-points of AC and BC,
EF || AB (by mid-point theorem)
As DE joins the mid-points of AB and AC,
DE || BC (by mid-point theorem)
In ABFO and AEDO
ZOBF = ZOED
ZOFB = ZODE

(alternate interior angles)
(alternate interior angles)

As DE joints the mid-points of AB and AC,
~ DE =1BC  (bymid-point theorem)

(by ASA)
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Fig. 26.32

So, according to the Pythagoras’ theorem
AC? = AB? + BC?

(The proof of this theorem has been
demonstrated in the chapter on Symmetry,
Reflection, and Rotation.)
Conversely, if the square of a side in a triangle
equals the sum of the squares of its other two
sides, the triangle is a right-angled triangle.

Example 8: The base and altitude of a right-angled
triangle measure 8 cm and 6 cm respectively. Find
the length of its hypotenuse.

In right-angled AABC shown in Fig. 26.33,

T

ALl ; B
Fig. 26.33

BC? = AB? + CA? (by Pythagoras’ theorem)
= BC® =8%4%6°
= 64 + 36 = 100 cm?

= BC =100 =10cm
Example 9: In Figure 26.34, AD 1 BC, AC =20 cm,

AD = 12 cm, and BC = 25 cm. Find the length of

AB.
B

12 20
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In right-angled AADC,
AC? = AD? + DC?
= DO = ACY-ADZ>= 90" - 1
= 400 — 144 = 256 cm?

= DC =./256 = 16 cm

= BD =BC-DC=25cm—16cm =9cm

In right-angled AADB,
AB? = AD? + BD? = 122 + 9°
= 144 + 81 = 225 cm?

= AB =225

Example 10: Let us now work out how Rahul’s

=15 cm

computer teacher worked out the ‘kite problem’ at
the beginning of this unit.

Rahul wanted to know how much tape would be
needed to have a border to his 2 metre tall and | m
wide kite. See Figure 26.35.
Now, AO =1m,OB=0.5m
= AB?=AO’+ OB’
(by Pythagoras’ theorem)
12 + 0.5°
=1+0.25
=1k26ime

=> AB =./1.95 = 1.118 m approximately
Similarly, BC = CD = AD = 1.118 m

= AB?’=

A
E

05m|05m

1m

O
Fig. 26.35

= Perimeter or border of kite = 4.472 metres which
the teacher rounded off to 4.5 metres.

@

As an approximate answer was expected from the

teacher, Rahul did not specify where the diagonals
of the kite intersect.

Example 11: Find the perimeter of Rahul’s kite if
the diagonal meets at a point O (Figure 26.36) such
that AO = OB = OD = 0.5 m and OC = 1.5 m.

AB? = 0.5 + 0.52
=0.25 + 0.25
=105

= AB = ,/0.5 = 0.707 m approximately

A

e
Fig. 26.36

Similarly, AD = 0.707 m
= AB+AD=0.707x 2 =
BC? =0.5% + 1.5°
=0.25 + 2.25
=25
= BC = /9.5 = 1.58]1 m approximately
Similarly CD = 1.581 m and
BC + CD = 1.581 x 2 = 3.162 m
Thus perimeter = AB + AD + BC + CD
= 1414+ 3.162 =4.58 m
approximately.

1.414 m

Try this!
anBCdﬂdﬂpsﬁ o
HB EFAC DF'and
éB 4F- ls AABC ADEF?
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| Exercise 26.3

On Theorems I and II

1. Identify the longest and the shortest sides in the
following triangles.

(i) AABC, where ZABC = 80°, ZBCA = 40°
(i) AABC, where ZABC = 70°, ZBCA = 60°
(i) AABC, where ZABC = 40°, ZBCA = 50°
(iv) AABC, where ZABC = 90°, ZBCA = 60°
(v) AABC, where ZABC = 60°, ZBCA = 70°

2. The altitude of a right-angled triangle measures
6.23 cm while its base also measures 6.23 cm.
Find the magnitude of all the angles of the
triangle.

3. If D is a point on side BC of equilateral AABC,
show that AC > AD < AB.

4. The lengths of PQ, QR, and RP in APQR are
in the ratio 3 : 5 : 6. Identify the angles with the
greatest and the least magnitudes.

5. Identify the longest and the shortest sides in the
triangle shown in Figure 26.37.

A

118°
B

%/ 128° C

Fig. 26.37

On Theorem III, the Mid-Point Theorem
6. Find the measures of DE and £ZDEA in
Figure 26.38.

5.8cm 7 cm

7cm

55°
B 10cm C

Fig. 26.38

5.8cm
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7 Find the measures of AD and BC 1n
Figure 26.39.

A
cm
D E
3cm Scm
B - C
Fig. 26.39

8. In Figure 26.40, if D and E are the mid-points
on sides AC and BC of isosceles AABC
respectively and ZB = £ZC =717, find ZCDE.

A
/\

Fig. 26.40

9. In Figure 26.41, AD = DB, DE | |BC, and
EF, | | DB. Show that EF = DB.

Fig. 26.41

10. If D, E, and F are the mid-points of the sides
of an isosceles triangle, is ADEF an isosceles

triangle too? Why?

On Theorem IV, the Pythagoras’ Theorem
11. Find the measure of:
(i) BC in AABC if ZCAB = 90°, AB = 8 cm,
and CA =6 cm

@
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(1) AB in AABC if ZABC = 90°, AC = 20 cm,
and BC = 12 cm

(m1) AC in AABC if £ZBCA =90°, AB = 5 cm,
and BC =3 cm

18. From the measures given on the kite shown in
Figure 26.43, find the length of its border.

B ool
12. If the length of a rectangle i1s 24 cm and its 4 e
breadth is 10 cm, find the length of its diagonal. \
13. If a diagonal of an 8.4 cm long rectangle v
measures 10.5 cm, find the measure of its
breadth. Fig. 26.43
14. Find the approximate length of a square whose
diagonal measures 10 cm. . 19. Find the length A
15. A ladder placed 1.4 m from the base of  / SEbSRl s G
a boundary wall reaches its top. If the 26.44,given AD @/ ltgom X
ladder 1s 5 m long, find the height of the / S B G
boundary wall. | 20 cm, AC = 34 E;..
ig. 26.44
16. A waire 1s tied to the top of a 7.2 m cm and AD
high flagpole and fastened to the =16 cm.
ground 5.4 m from the base of the 20. Find the length of AC in Figure 26.45, given
flagpole. Find the length of the wire. AD L BC, AB = 25 cm, AD = 20 cm, and
17. A 17 m tall pole is A BC = 36 cm.
erected 8.4 m away X X,f"f é:
froma 10.7 m tall pole -
(Figure 26.42). Find L AL
the distance between A
and B. o e 3 D 4 C
84 m 36 cm
Fig. 26.42 Fig. 26.45
1. The angles of a triangle are in the ratio 2 : 3 : 4. (1) In APQR, PQ = 7cm, PR = 8 cm and
Find the magnitude of the angles. ZORP = 80°
2. It an extenior angle of a triangle is given as -;— and ?Egiﬂggf = 7cm, DF = 8 cm and r
one of its opposite interior angles is given as g', 4. The base and altitude of a right-angled triangle
find the other opposite interior angle. measure 5 cm and 3 cm respectively. Find the length
2 Whic_h of the _following pairs of triangles are of its hypotenuse. e

congruent and why?
(1) In A ABC, AB =9 cm, CA =7 cm and

ZCAB = 50°
In A XYZ, XY =6 cm, XZ = 5 cm and
LYXZ = 50°

5. The lengths of AB, BC and CA in A ABC are in
the ratio 4 : 5 : 7. Identify the angles with the greatest
and the least magnitudes.

@
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