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Special Products

You can find the products of certain tyi)es of algebraic expressions directly
without actually carrying out the multiplication. These products called special

products, come in handy while simplifying expressions or solving equations.
Some of the special products are as follows.

1. (x+alx+b)=x2+(a+bix+ab

Proof (x +a)(x +b)=x(x +b)+al(x +b) —x%+xb+ax +ab
= x2 4+ hx +ax +ab=x> +(b+a)x +ab = x2 +(a + b)x + ab.
Examples (1) (x +2)(x +3)=x% +(2 +3)x +2x3 =x* +5x +6.
(ii) (m +3n)(m +7n) — i +@Bn+7n)m +3nx7n =m? +10mn +21n2.
(iil) (4x2 +5y?)(4x2 +9y?) =(4x )% +By? +9y?)x 4x 2 +5y* x9y*
=16x* +56J::2g2 +45y4,
(iv) (3ab +2xy)(8ab +7xy) = (3ab)? +(2xy +7xy)x3ab +2xy x 7xy
=9a’b? +27abxy+14x2y2.

2. (x+a)ix—-b)=x2+(a-b)x—-ab

Proof (x +a)(x —b)=x(x —b)+al(x —b) =x% _xb+ax —ab

2 ytix ==l =x2+[a—b)x—ab.

=x?-bx +ax -ab=x
Alternative method
From 1, (x +a)(x +b)=x“ +(a + b)x +ab.
Substituting —b for b, (x +a)lx +(-b)] = x %[a +(-b)1x +a x (-b).
(x +a)(x —=b) =x?2 +(a -b)x —ab.

Examples (i) (x +9)(x —7) =x2+9Q-7)x -9%x7 =x2%+2x -63.

2

(ii) (1 +3m)( -5m) =12 +(3m -5m)l -3m x5m =12 -2lm -15m?.
(iii) (2¢? +4d?)2c? -d?) =(2¢*)? +(4d® -d®)x2¢c? - 4d* xd*
— 4ot H6cd —4d:
3. (x-a)x+b)=x2—(a-b)x—-ab

2

Proof (x —a)(x +b)=(x —a)x +(x —a)b=x“—-ax +xb—ab

=x?—ax +.'::nx—r.:tb=;r:r2 —(a —b)x —ab.
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Alternative method
From 1, (x +a)(x +b) =x?2 +(a +b)x +ab.

Substituting —a with a, [x +(-a)l(x +b) =x* +(-a +b)x +(-a)xb
or (x—-a)(x+Db) = —(&=b)x —ab.

Examples (i) (x —9)(x +7) =x2 (9 -7)x -9 x7 =x* ~2x - 68.

(i) (12 —6mn)(12 +9mn) =12 —(6mn —9mn)1* —6mn x9mn
= +312mn—54m2n2.

4. (x-a)x-b)=x2—(a+bx+ab

Proof (x —a)(x —b)=x(x —b)—alx —b)=x*-xb-ax +ab
; _x2_bx-ax+ab=x%-ax-bx+ab
—x2 —(a+b)x +ab.

"’ Alternative method
From 1, (x +a)(x +b) =x?2 +(a +b)x +ab.

Substituting —a for a and -b for b.
[x +(—a)lix +(=b)] = x 2 +[(-a) +(-b)Ix +(-a)x(-b)
or (x-a)(x-b) N —(a +b)x +ab.

Examples (i) (@-5)@-7)=a”-(6+7)a+5x7 = @ =120 +35.

Ll ot oty TP e ¢ i SN Lt e e

(ii) (m —n)(m —6n) —m?2-(n+6n)m +nx6n S —Tmn +6n2.

(iii) (4ab —3cd)(4ab —5cd) = (4ab)” —(3cd +5cd) x 4ab +3cd x 5c¢d
_16a2b2 —-8cd x 4ab +15c¢2d*?
= 16(12b2 —32abcd +1502d2.

] | Solved Examples

EXAMPLE 1 Multiply each of the following using a special product.
: x
(i) (@+ 0.1)(a + 0.2) (i) [-‘; . 3)(5 s 6]

(i) [E . E]('_“— 5 E] (iv) (2p2 + 0.2qr)(2p2 + 0.3qr)
5 3\5 6

Solution In each case, we can use (x + a)(x + =X 2 4+ (a + b)x + ab.

(i) (@+0.1)(@+0.2) =a®+(0.1+0.2)a+0.1x0.2 = a? +0.3a +0.02.
L7

2 o x+6 —(x)2+[3+6)><x+3x6—x—+gx+18
b (§+ ][E ]_ 2 2 i 2

2 ) 2

m n\Xmin m seen N om oon..n..m 1 1) mn n

R e | e e Sal 4 e L e X —— | — 4+ — [X &
[m)[5+3)(5+6) (5] +(3 6}(5 B0 ob (3 BE e
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(iv) 2p? +0.2qr)2p +03qr}—(2p2)2+[02qr+03qr)x2p +0.2qgr x0.3qr
.-4p +05qrx2p +006q
=4p* +2x0.5p 2qr +0.06q°r
=4p* + p%qr +0.06q°r*

EXAMPLE 2 Simplify each of the following using a special product.
(1) (21 + 0.7) (2l - 0.3) (ii) (% + 0.4qI~xEy - 0.3q) (iii) (0.1ab + 0.7cd)(0.1ab - 0.8cd)

Solution In each case, we can use (x +a)(x - b) = x 2 . (a — b)x — ab.

(1) (21 +0.7)(21-0.3) = (21)* +(0.7 -0.3)x21-0.7x 0.3
- 412 +0.4x21-0.21 = 4l° +0.81-0.21.

2
(i) (—2-- +0. 4q)[f’522 —0.3q) = [’_‘29_) +(0.4q - 0.3q) x :’.‘2_3_ ~0.4gx0.3q

2., 2

Xy Xy 2
= +0.1gx <==-0.12
2

2
=xf +0.05qu-0.12q2.

(iii) (0.1ab+0.7¢d)(0.1ab-0.8cd) = [0.1ab)2+(0.7cd—0.80d] x0.1ab-0.7cd x0.8cd
~0.01a2b2 +{-(0.1cd) x (0.1ab)} — 0.7 x 0.8¢%d?
~0.01a2b? -0.01abed - 0.56¢%d?.

EXAMPLE 3 Use a special product to multiply:

2
(i) (2xy - 0.3m)(2xy + 0.1m) (ii) (4[ ";“}(412 nsln]

Solution Here, we can use (x —a)(x + b) = x2 - (a - b)x —ab.

(1) (2xy -0.3m)(2xy +0.1m) = (2:(_1,;!)2 —(0.3m -0.1m)x2xy -0.3m x0.1m
- 4x2y? - (0.2m) x2xy —0.03m*
= 4x 2y2 - 0.4mxy ~0.03m*?.

o mn 2, 2mn h L So.8 mn_2mn)x4l2_mnx2mn
(ii) [41 3 )(!H = ]—(41 ) ( 3 5 3 5

=161* - l_%) 4[2mnﬂ-3m2n2
i [3 B 15

— e =il 4[2mn—£m2n2
& ( 15])‘ 15

J 1_2__‘@=:1]
" BURE S EE S

=160 +%l mn —g-mzn2

15

EXAMPLE 4 Use a special product to find the following.

3
(i) (x - 0.6m)(x - 0.4m) (ii) ( Ix —i— my](-:]; Ix B rny) (iii) (4x - 3y) (fix - 3y)

_m'-'hn'a-!uh;:-..-a... P e Te—
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Solution Here, we can use (x —a)(x —b) = x Ei (a + b)x + ab.

1) (x —0.6m)(x —0.4m) = x2 — (0.6m +0.4m)x +0.6m x 0.4m 2
— x2 (0.6 +0.4)mx +(0.6x0.4)m? = x* —mx +0.24m"~.

2
3 1 1 3
(i1) (lfx —lmy)(%lx —:i—my] =(llx} —[—l-my +—my):=<—bc +—myx—my
3 o

3 4 4 3 4 4
1t igks o 1 3) 1 [1 3] oD
= — —=+=myx—-Ix+| —x—|my
T (4 s e e
1

(ili) (4x —3y)BGx —3y) = {-(3y — 4x)}{-(By —5x)}
= (3y - 4x)(3y - 5x) = (ByY)? - (4x +5x)3y + 4x -5x
=9y2 -9x -3y +20x 2 =£§Dy2 —27xy 1200 %

EXAMPLE5 Find the following products using distributive law.

(i) (2x +7)(3x — 8) (ii) (3a - 4b)(4a + 5b)
(iii) (3x2 - 4yz)(5x > - 9yz2) (iv) (m -1)(2m + 3)(3m + 7)
2
Solution (i) (2x +7)(Bx —-8) =2x(8x —8) +7(3x -8) = 6x2 —16x +21x —56 =6x“ +5x —56.

(ii) (3a —4b)(4a +5b) =3a(4a +5b) — 4b(4a +5b) :
—12a2 +15ab -16ab-20b% =12a? - ab-20b".

(i) (3x2 — 4yz)Bx2 -9yz) = 3x*(5x > —9yz) - 4yz(5x2 - 9yz)
B —2Tx 1z w—20x2yz +36ygz2
Z15x% —47x2yz +36y2z2.
(iv) (m-1)@2m +3)(Bm+7) =[(m -1)(2m +3)IBm +7)
s m@2m +3)-12m +3)l(3m + 7)
_2m?2+3m-2m-3)(3m +7) = (2m?* +m -3)3m +7)
—9m2(3m +7) +m(3m +7) - 3(8m +7)
- 6m° +14m? +3m?2 +7m -9m - 21
—6m2 +17m? -2m -21.

Remember These
1. (.x-l'a.)(x +b] =x2 +[a+b]x +ab 9 (x.|.a][x _b) -_.xz +(a—b]x—{1b
3. (x—a)(x +b)=x>-(a-b)x —-ab 4. (x-a)x-b)=x%2—(a+b)x+ab

5.. Pi'.gf;du‘ct by distributive law: (x + a)(y + b)=x(y+b)+aly +b)=xy +xb+ay + ab

Use special products to find each of the following.
1. @) (p+1)(p+9) (ii) (2m +3)(2m +5) (iii) (3x +0.2)(3x +0.4)
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(iv) 2a? +3b%)2a® +9b%) (V) [ny +%z)(2xy +%z) (vi) (r? +0.2t)(r* +0.3¢)

2. (i) (x +2)(x —1) (ii) (2m + 4)(2m - 3) (iii) Ba +0.3)(ba -0.1)
(iv) (4a +3b)(4a — b) (v) [2ab+écd)[2ab——écdj
(vi) (Brmn +0.4pq)(5mn —0.3pq)
3. (i) (x —3)(x +1) (ii) (x =15)(x +7) (iii) (a —0.3)(a +0.25)
2 2
(iv) (21 —3m)(2l +m) (XA 2 EURASX » i ave
5 7 5 9
(vi) (0.4xy —0.21mn)(0.4xy +0.2mn)
4. Dm=2)m=s) (ii) (2x —5)(2x —7) (iil) Bp-q)Bp - q)
(
(iv) s 3]( ) (v) (0.2x -38yz)(0.2x — 7yz)
\2 2
(1 1 1 5
(vi) —ab——fd](—ab——cd} (vii) (31 -0.8)(31l -0.2)
L3 6 S 6
5. Multiply the following using distributive law.
(i) (2a? +3b?%)(5a? -6b%)  (ii) (2xy -32)(3xy +52) (iii) (a +2)(2a +3)(Ba-1)
ANSWERS
1. () p2+10p + 9 (i) 4m? +16m + 15 (iii) 9x2 + 1.8x + 0.08 (iv) 4a? + 24a?p? + 27b*
2
15 1 .2 4 2 x| < 20
(v) 4x y + xyz 56 (vi)r= + 0.5r% + 0.06t (vii) 36 + ﬁxyz+ gy VA
2. Wx2+x-2 (WAm2+2m-12 (1)25a" +a - 003 (iv) 16a2 + 8ab -~ 3b>
(v) 4a°p® + % abed - % cd (vi) 26m2n? + 0.5mnpq - 0.12p>g>
3.(1))x*-2x-3 (i)x2-8x-105 (lija -005a 075 (iv) 412 — 4lm - 3m?
2.4 17 o 10 99 29 042 2n2
(v) o - o XYz eall (vi) 0.16x“y“ — 0.004xymn — 0.042m
2
4. (i))m2-5m+6 (i) 4x2—-24x + 35 (iii) 15p2 - 8pq + g> (iv) % _6a+ 27
(v) 0.04x? - 2XYyz + 21y222 (vi) %azbz - % abcd + 5536—- c%d? (vil) 912 - 31+ 0.16

5. (i) 10a? + 3a%b? - 18p* (i) 6x2y? + xyz -15z2 (i) 6a° +19a° + 1la - 6

Product of sum and difference of two terms

Let us take two terms a and b and find the product of their sum (a +b) and
difference (a — b).

(a+b)a-b)=(a+b)a-(a+bb=a?+ba-ab- bz—a +ab~ab-b*=a® —b>.
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Thus (a + b)la-b) = a? -b?

In words, the product of the sum and the difference of two terms is equal to
the difference of their squares.

This can also be expressed as,

(first term + second term) x (first term - second term)
= (first term) 2 _ (second term) 2

Examples (i) (m +3)(m -3) =(m)% -(3)> =m? -9.
(i) (7 +2%)(7 =2x) = (7)2 - (2x)2 =(7)%2 -2% xx* = 49 S

(i) (3a2 -8b2)3a2 +8b2) =(3a?)% -(8b?)* =3 < (a2)? —(8)2 x(b?)?
—9a? -64b*.

Solved Examples

EXAMPLE 1 Use a special product to multiply the following.

(@) (5+ 3x2y)(5-3x2%y) (ii) (7!11 : %][7:11 —gj (idd)

(iv) (0.2a + 0.3b)(0.2a - 0.3b)

Solution We will use (a + b)(a —b) = a? — b? in each case.
g s 2
(i) (5 +3x2y)(5-3x2y) =(5)? —_(3x2y]2=52—32x(x2)2xy2=25—9x 5
2 2 2
n n 2 (n 2 g% BT SReTLE
= —— |=(7TMm)° —| — =7“xm* —-— =49m
(i) (7m+6)(7m 6] (7m) (6] 3 =

2
- (4p Bx ) 4p._5x _[4p}2_[§£]2=(4p]2_(5x]2=16p2_25x .
e 7q+3y 79 3y 7q 3y (gl By)” 49q> 9y*

(iv) (0.2a +0.3b)(0.2a —0.3b) = (0.2a)” 1038 :
_ (0.2)2 xa? —(0.3)2 xb% =0.04a® -0.09b".

EXAMPLE 2  Find the following by using a special product.

% 4 2y) (iii) _z___z_xf} z_2 +x31
(i) (~ax + by)(ax + by) (i) (2x + 4y)(x -2y g .3 )l 3

2 2
Solution In each case, we will use (a +b)(a—b)=a” — B

(i) (—ax + by)(ax + by) = —(ax — by)(ax + by)
— _{(ax)? - (by)?} = —(a®x2 b2y ?) = b%y? -a’x?.

(ii) 2x +4y =2(x +2y).
(2x +4y)(x —-2y) =2(x +2y)(x —2y) :
_2{(x)? - (2y)2} = 2(x2 - 4y?) =2x? -8y ~.
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EXAMPLE 3 Find the product (5- 3x)(5+ 3x)(25+ 9x2).

Solution (5 — 3x)(5 + 3x) =52 — (3x)2, using (a - b)(a + b) = a® - b*.

DB gy
(5 — 3x)(5 +3x)(25 +9x2) = (25 - 9x*)(25 +9x
—(25)2 —(9x2)2 =625 —-81x*.

“

EXAMPLE4 Use a special product to work out the following.

() 98x102 (i) 3% % 212 (iii) 2.04 x 1.96

Solution (i) 98 =100 -2 and 102 =100 +2
98 x102 = (100 —2) x (100 +2) = (100)% - (2)* =10000 — 4 = 9996.

2
(i) Here,31x2§f=(3+l]x[3—l)=(3]2_(}_] Lgpddejglol
1 4 4 4 1616

(i) 2.04x1.96 = (2 + .04)(2 —,04)=2° ~(.04)2 = (4 - .0016) = 3.9984.

Find the following products.

1t (i) (a +5)(a —9) (ii) (3 =5x)(3 +5x) (iii) [g +SJ(§-—3]
. i 3
(iv) E2ab+§][2ab—g) (v) (21 +3m)(21 —3m)
2. (i) (x +0.2)(x —0.2) (ii) (0.1a -0.3b)(0.1a +0.3b)
3. (1) [—1— +9)[L —9] (ii) [x +i](x — —4—) (iii) (E +Zb)[§~ —-Zb]
DX 3x m m .2 itz
[iv)[x_y](ery] [v]—2+1][1+2]
3a 4b/\3a 4b B! Bx j hxe i
(Bx 2y 5x 2y]
; g ) e
4. (i) 14a“b—-6¢cd)(7a”b +3cd) [ii)( E + B ][ 3 =
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5. (x . & -—1—)()( —l)(xz 4 _1_)
x X x?2
6. (i) 201 x199 (ii) 52 x 48 (iii) 79 x 81 (iv) 403 x 397
| 2
% mBie7t (i) 20 L x19 1 (iii) 9.8 x10.2
:, 3 Y 2
o ANSWERS
L 2 P2 2,2 9 2 2
1.Wa%-25 (1)9-25x" (i) =--9 (iv) 4a*p” - - (v) 4l - 9m
2. (i) x2 - 0.04 (ii) 0.01a® - 0.09b*
1 8 .8 25 49 o X2y ] 4
8.0——-81 Hx"——s W—g—— B V) - (V) -
Ox? m? g- 4 9a2 16b%2  36x2 25y°
2 2 1
4. (i) 98a*b? -18c%d? (ii) s 8.x =
12 a7 . X
6. (i) 39999  (ii) 2496 (iii) 6399 (iv) 159991
7. (1) 632 (1) 309>  (iii) 99.96
9 4
Expansions

The product of an algebraic expression multiplied by itself (any number of
times) when expressed as a polynomial is called an expansion. In fact, the term
‘expansion’ is used for the process of such multiplication. In this section, we will
look at some expansions and their corollaries. A corollary is a result or relation
that follows from another result or relation that is known.

Squares of binomials

Let a and b be two terms. We will find the expansions of the squares of the sum
and difference of these two terms. In other words, we will find the expansions of
‘ (@+b)? and (a -b)*.

1. (a+b)2 =a?+2ab+b? l

Proof (a +b]2 =(a +b)(a +b) =ala + b) + bla +b) =a? +ab +ba +b*
= q? +c:ut:a+c1l:a+b2 =q* +2ab +b?.

We can express this as follows.

(Sum of two te:rrns]2 = (first ’w:rm)2 + 2 x (first term) x (second term)
+ (second term) 2

Mﬂ- — —

Examples (i) (a+4)?=a*+2xa x4+(4)%2 =a’+8a+16.
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2
(i) (1+3m)% =17 +2 x1x3m +(3m)%2 =1+6m +9m~-.
; > 2 Rl o 2
s s i 2y)% =—x“+3xy+4y”.
(ijj](zx+2y) —(Zx) +2x4x><2y+( y) 16
| 2
(iv) (V31 +2m)° =(J§z)2+zx£1x2m+(2m)2=3l2+4J§1m+4m :
Corollaries

Two corollaries follow from the expansion we have just discussed.

2 B
(i) (a+b]2—2ab:a2+2ab+b ~_9ab=a“+b”".

~

. a” + b2 =[f:l+b]2 —2ab ‘

2 D 7 o
(ii) (a+b]2—(a2+b2)=a2+2ab+b —a’-b? =2ab.

‘oah-(a+ib)? (@’ +b% ’

M

2 2
EXAMPLE Ifa+b=7andab:10,finda b .

2 = - =
Solution a2 +b2 =(a+h)2-2ab=(7)*-2x10=49-20 =29.

EXAMPLE Ifa+b=6anda®+ p2 =20, find ab.
9ab = (a+b)? —(a? +b%) =(6)? -20 =36 -20 =16.

Solution
ab=—1—x16=8.
)
o ta-bl=a% 2ab b
2 2
Proof (a—b]2=(a—b)[a-—b]=a{a-—b]—b(afb]=a —ab-ba+b
52 ab— b bl =ttt
We can express this as follows.
' 2 = (first term]2 - 2 x [Hirst term) x (second term)
(Difference of two terms) ( A J
Examples (1) (m —2)% =(m)* -2 xm x2 +(2)2 =m?-4m +4.
2
g 4 24" 1B
4 - 2 — =9 —-——a+—a .
(ii)(B——S-a) ={3) —-2x3><ga+(5a} 9 a o
= X 3 . 4 o 9 o
o o g R (S s Attt
[i11}(§x—§y) =(§x} 2x3x><2y+(2y] 5 2
Corollaries :

Several corollaries follow from the two expansions we have discussed.

2 2
) (a-b)? +2ab=a” _92ab+b%+2ab=a“ +b".

- a2+b2=(a-b)*+2ab I
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) a2 b2 (aib)2 =a’+b? ~(a?-2ab +b?) —a2+b%-a’+2ab-b*? =2ab.

. 9ab=a? +b? -(a -b)> |

(iii) (a-b)2 +4ab=a%-2ab+b?+4ab=a? +2ab +b? =(a +b)>.

 @abe b aab \

(iv) [a+b]2 _4ab=a* +2ab +b’ - 4ab e oah+ b” =(a—b]2.

{a—b)2=[a+b]2—4ab ‘

(V) i[[a Bl (a—Db)]= %[[az 1 92ab+b?)-(a? -2ab +b?)]

:ﬁll[a2 +2ab+b%-a?+2ab-b?] =i><4ab =ab.

. ab:i[{a+b}2*—[a-b)2] ’

(vi) %[[a+b]2 aSlop S 2] =%[(a2 +2ab +b2)+(a2-2ab +b?)]
e %[2012 +2b2] =-;—*2[a2 a2 L h,

a? b =%[[a+b)2 b2

Find the value of a’ + bz when a - b =7 and ab =18.

_a2 b -—-[r:m—.!:;]2 +92ab=7%+2x18 =49 +36 = 85.

Find the value of ab when a -b = 6 and az +l:v2 = 40.

9ab=a2 +b2 —(a-b)? = 40-(6)> = 40-36 = 4.
ab=2.

Find the value of a + b when a-b=8and ab = 9.

(@+b)2 =(a-b)% +4ab=(8)% +4x9 =64 +36 =100.
e h=100 —t]10. |

Find the value of a—-b when a + b =7 and ab = 6.

(@a-b)2 =(a+b)?-4ab=(7)? -4x6 =49 -24 =25.
i —b= 425 =45

Find the value of ab when a + b = S8anda-b =2.

b oL itas B2 Lia-b)21 = L1812 -(2)21 = — 64 — 4] = 1.60=15.
2 Wy 4 4
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Perfect square trinomials

A trinomial which is the square of a binomial is called a perfect square
trinomial. Two examples of such trinomials are a’ +2ab+b? = (a +b)?] and

a2 —2ab +h2i=(a —b)*l

In a perfect square trinomial,

e two terms are perfect squares
e the third term (which may be positive or negative) is twice the product of the
square roots of the other two terms.

Examples (i) Consider the expression 4a’ +4a +1.
Here, 4a* =2a)%1 =(1)% and 4a =2 x2a x1 = twice the product
of the square roots of the other two terms.

Thus, this is a perfect square trinomial that can be expressed as
the square of a binomial as follows.

102 +da +T 22w+ 2 x2ax Al e O R B

(ii) In the expression Ox? -24x +16, we observe that 9x 2 =(3x)?,
16 =(4)% and 24x =2 <x3x x 4.

Thus. 9x2 —24x +16 =(3x)? -2 x3x x A2 SBx A

(iii) Take the expression 8x 2 —24xy +18y2.
8x % —24xy +18y2 — (L] D] +9y2]
_9[(2x)2 -2 x2x x3y +(8y)*1 =2(2x _31)it.

Solved Examples

EXAMPLE1 Find the square of each of the following binomials.

: 1 e R 2y ® ab c?
2 i s 4+ — ii) vB| — + —
(1) m+2 [11]4+ 5 (1i1) [6 5]

Solution We will use (a + b)2 —a%+2ab+ b2 in each case.

2 2 2 2 2
(i) [iﬁaj (_) +zx£x%a+[%aj B
4 2 4 2 ) 3 16 S ®)

J/3 2n

Solution We will use (a —b)? =a” —2ab + b2.

1 3 - m2 2n : 2 3¢5 -
EXAMPLE 2 Expand (i) [—-a—gb] [ii]( LA L ﬁ[zp -4 ] .
m
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3
f- 8 s 2 \2 2 2 4 dn?
i) | = -—2"] =(E—] 5, o gl +[2"] S LR v

— 2 2
3
(iii) \/3(2192 —%qu =[\/§]2[2p2 ——qs)

Wy [’
=3 [2p2]2—2x2p2x2q +(—q )

4
; 9 27
4 - 6 4 e 6
= - — =12p" -9 +—q .
3_419 3p°q ad } p ol Bl el
EXAMPLE 3 Use special expansions to find (i) 201 and (ii) [49.9]2.
Solution (1) 201 =200 +1. :
2012 = (200 +1)2 = (200)2 +2x200x1+12 [ (a+b)* =a® +2ab +b*]

— 40000 + 400 +1 = 40401.
(ii) 49.9 =50-0.1. :
(49.9)2=(50-0.1)2=502-2x50x0.1+(0.1)%2 [+ (a-b)*= a2 -2ab +b?]
~9500-100x0.1+0.01 =2500-10+0.01 =2490.01.

EXAMPLE4 If x2 + y2 = 37 and xy = 6, find the values of (i) x + y and (ii) x - y.

Solution 1) (x+y)? =x2 +y? +2xy =37 +2x6 =37 +12 = 49.
X+y =~+49 ==7.

1) (x-y)? =x2 +y°® -2xy=37-2x6=37-12=25
x—y-:\/ﬁzi&

1 1 1
EXAMPLES5 Ifz+ o 5, find the values of (i) z — —, (ii) z2 + — and z* +

z Zz 32 z4
Solution (i) (a-b)? =(a +b)* - 4ab.
(z—lf =[z+-1—]2 —4><le -(5)2 -4=21
VA Z Z
z—% = +J21.

(ii) a2 +b? =(a+b)? -2ab.

o i % )4 1 o
2% 4 —=|2+—| -2xzx—=(b)" -2=23.
zz Z Z

2
(iii) zz-t-—l-} = z% +2x 2% x 12 + 14
22 e X
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A-50
1
1 s 2 ii
or (23]2=z4+—1+2. R Z #2 — 23 from (ii)]
Z
4, 1 _(23)2 -2 =529-2 =527.
]

1
1 [ ] 2- 1 L 4 .
\m+— m?® + —— and (iii) m~ +—4
EXAMPLE6 If m i - 4, find the values of (i) m+—, (ii) 2 o
m m m

i) (a+b)? = (a - b)? + 4ab.

Solution 4 ; :
: = (4244 =59
— | =lm-— +4><m><:
(mo k) =(m-g) #xmncy
m+_——_~\/—__ '\f‘4>< ;"2\(5
m

2
iR g R R x_1_+_l_
(1) | s =T = A

Q12 L LR 324=m4+—1—4—+2
or (18)" = m4 2

e +_17{1—=324ﬂ2 _392.

m

1 a e
1 i =mand (W) x——
EXAMPLE 7 If x2 g 14, find the values of (i) x + 2 ( %

X

2
(i) (Gt+b)2 —a? +2ab+b”.

Solution A : : : ; e
L -1—+——~x +2+—F=X +—§+2_14+ =
(x+;) =X +2><x><x x2 x2 %
x+l=«/16=i4
X
(ii) (a—b)? _ a2 —9ab b
2 {2y bRS e . SR
[x—‘l‘) =x2—2><x><—+——2—=x +——§_2—14 2 12
X B T X

x—lzﬁ_z_z-\f4x3 =i2J§.
X

' i sible.
EXAMPLE 8 Express each of the following trinomials as a perfect square if pos

12 s A D28 = (iii) 25x y
) 4p” + 5pq+25q () Sx - ol b :
2 2 9" a9 }2 dlz_pq:2x2p>(-——q
Solution ' (i) 4p = (2 1) ,-——25q —(gq an 5 5 2 3 :
12 9 > L 2 ey ] < 2p+ q
ThUS.4p2+—5—pq+§—5—q —(zp) +2x2px5q (Sq 5
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(ii) Rye —[gx]z 25y2 —[51-})2 and Exy =2 x?—xx§y
9 ) 38 6 9 o e
2 2 2
4 5 10 &y 0 (2 ] 2 5) (5 ) (2 5. J
Thus,—x —-— XU + — =| — X axt) ks yase o 4| — el | ;
9 9 4 36y 3 5 Gy By 3 Gy

(iii) The expression 25x . - 30xy + 36y 2 isnota perfect square trinomial because
25x2 = (5x)2, 36y2 = ((ESy]2 but 30xy # 2 x5x x 6y.

Remember These
1. | (1) (a+b]2=a2+2ab+b2 (ii) a th* -.—-{a+b]2-—2ab
2. ()(a-b)? =a?-2ab+b* (ii) a2 + b2 = (a-b)? +2ab
3. (i)(a+b)? =(a-b)?+4ab (ii) (@ - b)2 = (a + b)? - 4ab
(iii) ab = ii(a-&-b}z —(a-b)?] (iv) a2 + b? = —é——[[a+b]2 +{a- bl
1. Find the following.
2
(i) (m +5)? (ii) (6x +7)> (iii) [%a +3b) (iv) (5a +/6b)?
2 2 2
(V) (Gx +7?y) (vi) (a - 4)° (vii) [Sx —gj (viii) [%x —-gy)
(ix) (2xy -~3pq2]2 (x) (3abx? - 4cdy2)2
2. Find the squares of the following,
(i) -3x +5y (i) 4x2*%€ (i) \/5(2)369 +5xzj (iv)l/fixz—-%yS
v) 2+ e e T R T R s (vii) ﬁ[x—i]
3 N2 Xa V2
2 1 2 1
(ix) x +;§ (R —F

3. Compute the following using the expansions (a+ b)2 =a®+2ab +_b2 or
{czl;-#b-]2 —a”-2ab+ i
(i) (54)2 (ii) (192)2 (iii) (1008)> (iv) (998)2

- W18 vi) 9.7)° (vii) (100.4)*
4. If a+ b =6 and ab = 8, evaluate (i) a’ +b? and (ii) a - b.
5. If a-b =7 and ab = 8, evaluate (i) a2 +b? and (ii) a + b.

6. (a) pr2 +q2 =252 and p +q =16, evaluate pqg.
(b) Ifx2+y2 =51 and x —y =7, evaluate xy.
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7. Find the value of ab when a + b =10 and a - b =.6.

1 1
8. If.wc+l = 3, evaluate [1]x-—l, (ii) x 2 e and (iii) x* Tk
X X X b

1
9. If 3p + - = 273, evaluate (1) 3p - —, (1) 9p? + — and (i) 81p* +— .
3p 3p 9p 81p

1 1
10. If d —-;- = 6, evaluate (i) d +é. (1) g% —— el [fI1)"l ™

d? dt

1
o B Tl 0 i __L =1, find (i) 2x +~1—, (ii) 4x2 +L2 and (iii) 16x* + 5
2x 2N 4x 16x

12. Ifr? +i2 =7, evaluate [i}r+~1~and (ii)r—l-

r : ' 8 r

13. If m? +--1— = 23, evaluate (i]m+land (ii)m—i-

m2 m m

14. Express each of the following trinomials as a perfect square.

(i) 1 +6b+9b? (i) 4x2 -12x +9
2

9x- . dxy y2
i) 9x 2 +24xy +16y 2 (iv) - +
Vit e - 25 5 4

ANSWERS

1. (i) m2 + 10m + 25 (ii) 36x2 + 84x + 49 (iii) %gaz + Bab + 9b?% (iv) 25a2 + 10V6 ab + 6b*

2
2 Xy y 2 ) 25 4 o 16 16 o
') 36x 8B4 = 4 40> vi)a“-8a+16 (vil) 9x“ -15x + — vill) — x< — —xy + —
(v e e 3 (vi) (vii) " ( )25 a5 y 81!—;’

(ix) 4x2y2 - 12.3(5;,01:‘;2 + 9p2q4 \ (x) 9a2bx% - 24abcdx2y2 - 1602d2y4

P G 5
2 3 16
2. (i) 9x? - 30xy + 25y% (i) 16x* - 2x + R T e +20yz+ 2 i) Sxt —ax?yl ¢ oy
16x2 3 ) 4 3
2 1 1 |
Mdstx s (vi) + (3a2 - 21Bab + 5b%)  (vii) 92+24+ 3 {m;?(xz-ﬁer
3 9 2 2w oy 9
{ix)x4+2+—l4_ (}{]x4—2+_}I
X X

3. (i) 2916  (ii) 36864 (iii) 1016064 (iv) 996004 (v) 116.64 (vi) 94.09 (vii) 10080.16

4. (i) 20 (ii) + 2 5. (1) 65 (ii) +9 6.(a)2 (b)1 7. 16
8.(1) V5 (i) 7 (iii) 47 9. (i) £2V/2 (ii) 10 (iii) 98
10. (i) +24/10 (ii) 38 (iii) 1442 11. (i) +V5 (i) 3 (iii) 7 .
12. (i) £3 (ii) +/5 13. (1) 5 (i) £V21

2
14. (i) (1+ 3b)2 (i) (2x - 3% (ii1) (3x + 4y)® (iv) [ig-—%)
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Square of a trinomial

Let us find the square of the trinomial a +b +c.

(a+b+c]2 =[(c1+b)+t::]2 =[r:1—1—b)2 +2(a +b)c +c¢
—a2+2ab+b2 +2ac+2bc +c2 =a? +b% +c? +2ab +2bc +2ca

—a2 +b? +c? +2(ab +bc +ca).

2

@+b+0c)? =a?+b?+c?+2ab+bc+ca)

Examples (i) (2x +3y +4z)°= (2x)2+(By)2+(42)%+2(2x x3y +3Y x 4z + 4z x 2X)
= 4x2 +9y? +1622 +2(6xy +12yz +82x)
= 4x2 +9y? +162° +12xy +24yz +162x.

(i) (m -2n + p)? =[m +(=2n) + pI°

| | =m2+(—2n)2+p2+2[m><[—2n}+[-ﬂ2n]><p+pxm]
=m?2 +4n? +p2 +2[-2mn —-2np + pm|

=m2 +4n? + p2 —-4mn - 4np +2pm.

Corollaries
Two corollaries follow from this expansion.
(i} (a+b +ac}2 —2(ab +bc +ca) = a’+b* +c?+2(ab+bc +ca)-2(ab +bc +ca)

—a?+b? e,

. aq* +b? 12 =[4::1-1~!:v+c)2 — 2(ab + bc + ca) ’

(i) (@a+b+c)? (a2 +b?+c?) e R o lab - be +ca)—a? —h% —c*

=2(ab + bc +ca).

Olah - be+ea)—fa+ bt el —(a? +b? +c?) ]

EXAMPLE (i) Ifa+b +c=15and ab + bc +ca =50, find a? +b2 +c2.

(i) fa+b+c =21 anc:luz+l:02+n:':2 = 361, find ab + bc + ca.

4) a2 +b2%+c2 =(a+b+c)*-2(ab+bc+ca) _(15)2 -2 x50 =225 -100 =125.

Solution
2) = (21)2 -361 = 441 -361 = 80.

(ii) 2(ab+ bc +ca) =[4:1+»!:v+¢:]2 -~(1r:12 +b? +c

ab+bc+ca=%x80=40.

e S SO o i bl i
s _ i Mo iy I L L i

Cubes of binomials
Now, let us find the cubes of the sum and difference of two terms a and b. In

other words, let us find (a +b)® and (a - b)3.

1. (a+b]3 =0 +.‘.3)1':12.'3v+3:1!::2 + b3

Proof (a+b)® =(a+b)a+b)? =(a+b)a* +2ab +b?)
=a(a2+2ab+b2]+b(a2+2ab+b2]
N8l bn 0% g2b +2ab? + b2 =a® +3a2b+3ab? +b°3.

Examples (1) (x +1® =x2 +3xx? g1 sliy )2 + ()% =x2 +3x° +3x +1.
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(i) 2a +5b)2 =(2a)® +3 x(2a)? x5b +3 x2a x(5b)® +(5b)°
~8a° +60a2b +150ab? +125b3.

Corollaries
Two corollaries follow from this expansion.

() (a+b)® =a® +3a2b+3ab? +b® =a® +b® +3abla +b).

{1::1+b]3 =a3 + b3 + 3abla + b) \

(ii) (a+b)® —=3abla +b) =a® +b® +3abla +b)-3abla +b)=a® +b>.

- a® +p” =(1::1+b}3 -3ab[a+b)_J

EXAMPLE Ifa+b -3andab =2, find a2 +b>.

Solution ad +b3 =(a+b) -3abla+b) =(3)2 -3x2x3=27-18 =09.

2. (a=h aa®-8atb+8abZ-h°

Proof (a-b)® =(a-b)a-b)%2 =(a-b)a?-2ab+b?)
=a(a2—2ab+b2)—b(a2;2ab+b2)
—a® -2a%b+ab?-ab+2ab* -b® =a° -3a’b+8ab:
Examples (i) (m-2)% =m?® -3xm?2x2+3xmx2%-2° =m® -6m?* +12m -8.
|

(i) 2y —x)3 =(2y)3 -3 x(2y)% xx +3 x2y xx 2 —x

=8y° ~12xy? +6x2%y il

Corollaries

The corollaries that follow are:

(i) (@-b)° =a> —-b° ~3abla-b) ‘

(ii) (a -b)® +3abla-b)=a® -b® —-3ab(a -b)+3abla-b)=a> —b".

. a> -b3 =(a-b)° + 3abla - b) |

EXAMPLE Ifa-b =4 and ab =3, find a3 -p3.

Solution a® -b3 =(a-b)2 +3abla-b)=4° +3x3x4 =64 +36 =100.

Solved Examples

EXAMPLE1 Expand (3a - 4b — 5¢).

Solution (.11+b+c)2 =a? +b?% +c? +2(ab + bc + ca). £
(3a—4b-5¢)? =[3a +(-4b) +(-5¢)]>
= (3a)2 + (-4b)2 + (-5¢)2 + 2[3a x (-4b) +(—4b) x (-5¢) + (-5¢) x 3a]
- 9a? +16b2 +25¢2 +2(-12ab + 20bc —15ca)
—9a? +16b? +25¢2 —24ab + 40bc - 30ca.
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g)lAMPl.EZ Ifa? +b2 +c2 _ 38 and ab + bc + ca = 31, find the value of a + b + c.

Solution (@+b+c)2 =a? +b? +c2+2(ab+bc+ca) =38 +2x31=38+62 =100.
a+b+c=+100 ==10.

3
EXAMPLE3 Expand (i) (3x + 4y)° and (ii) (_2_ : 5) |
' : X

Solution 4) (a+b)® =a® +3a’b+3ab’® +b°.
(3x +4y)® =(3x)° +3-(3x)% - 4y +3-3x - (4y)* +(4y)3
_97x3 +3.9x2.4y +3-3x-16y2 +64y°
= 27x3 +108x2y +14f-1xy2 +64y3.

(ii) We have (a—b)° =a® —3a2b+3ab? -b°.

g gD e (x)
R i N _3. Tt _+3_ . ]
Rt O X X 3 gt e 2

SRS D % x84

X P 3

PG O P LA A e LR e

il 3. E .03
xS s 3

2
— +_.__x___¢
g2 ¥ gt 53 3

EXAMPLE4 If 2x + 3y =10 and xy = 4, find the value of 8x3 + 27y°.

Solution a® +b3 =(a+b)° -3abla +b).
Also, 8x2 =(2x)3,27y3 =(3y)°.
8x3 +27y3 = (2x)° +(By)® = (2x +3y)° -8 x2x x3y(2x +3y)
= +31_.,']3 —18xy(2x +3y) = 0 =18x4%10
— 1000 — 720 = 280.

EXAMPLE5 If 2m - 5n = 3 and mn = 2, evaluate 8m3 -125n3.

Solution (a-b)® =a® —b> —~3abla-b).
@2m -5n)3 =(2m)% -(6n)® -3 x2m x5n x (2m -5n)
or (3)3 =8m> -125n° -30x2x3 or 8m3 —-125n3 =27 +180 =207.

§ EXAMPLE6 If x+-1— — 4, find the value of x3 +—1§-
! X X
i
. Solution (a+b)3 =a® +b2 +3abla +b).
3
[x+l) = x° +-1—+3xxlx(x+l)
X x3 X X
z or {4)3=x3+i+3><4 or x3+~1—=43—12=64—12=52.
| x5 x3
1
i 1 5l
' EXAMPLE7 Ifa-- =3, find the value ofa™ - —-
: 5 s
i Solution (a-b)® =a® -b> —3abla - b).
3
(a_.._].'_ =a3—_1__3xa)(lx[a_}._)
a as a a
or [3]3=a3—-—1——3x3 or a3——1~=27+9=36.
. a3 ol
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EXAMPLES If 3m + o = 6, find the value of 27m2 +

3m 27m?>
solution (a+b)3 =aY +b° +3abla + b).
. \8 [ ] ]
o RN L) +(—] +3><3m><—-—><(3m+——)
3m 3m Sm 3m
or (6)% =27m° + +3x6 or 27m° 4 ~=216-18=198.
| 27m>° 27m
EXAMPLE9 If 21 e — 5, find the value of 2] A —n%-
21 81
Solution (a=b)% =ag° -p% ~8abla-h)
3 3 .
1 3 1 ] 1 ( 1 J
ol —— | =(20)F == | =32l x| 21— &
[z o rat e (25
or B3 =813 2L gup gréeido Gmd e s L qoR HITEE!
81° 813
Remember These !
1 (1) [a+b+c]2=a2+b2+02+2{ab+bc+ca) _
i) a2 +b%2 +c2 =(a+b+c)?% -2(ab+ bc + ca)
(iii) ab + bc + ca = %[[a+b+(:)2 —-~[f.:12 B +c2]]
% ) (u::1+b)3 =~ a2 +3a’b+3ab® i bh° = P +3abla + b)
(ii) a- + b ={a+b)3 —~3abla + b)
3. (1) [e:l—b)3 = a2 —3a%b+3ab” -b° -a* - p3 —~3abla - b)
(ii) al L p3 =(-*:1—b]3 +3abla - b)
1. Expand the following.
2
1
(i) {1+x+y]2 (ii) (x +2y RRBE (iii) (21r1r1—n—p)2 (iv) [a—a+2]
(v) (4a-5b+6¢c)2  (vi) (2a-3b-c)?
2. Expand the following. ; 3
1
(i) (x +3)° (ii) (3x + 4y)° (iii) (=5m +n)°> (iv) [Sx +§;]
1 )3
(v) (m -1)° (vi) (3a -2b)° (vii) (7y —5x)° (viii) (5x—a)

3. ifx+y+z=10.anclxy+yz+zx=40,eva1uatex2+y2+zz.
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Ifa+b+c=9anda?+b? +c? =41, evaluate ab + bc + ca.

Ifm? +n? +p? =58 and mn +np + pm = 21, find the value ofm+n +p.
If a +b = 4 and ab = 3, find the value of a® +b°.
If m —n =5 and mn = 14, find the value oim= -n".
. If3a +4b =9 and ab = 2, evaluate 27a° +64b°.

If 3x — 2y = 4 and xy =5, find the value of 27x° -8y°.

1
(a) Ifm +—L — 3, evaluate m°> +— -
m m

\
(b) If2p +——!— = 5, evaluate 8p° + ——

i 2p 8p°

T L

11, (a) Hx-——=2,1n e value 3

| X X

1 o7 2 o) 1
(b)) If3n —— = 4. 1ind the value of 27n 5
3n 2T
ANSWERS
1,(1]1+x2+y2+2x+ 2xy + 2y [ii]x2+ 4y2+922+4xy +12yz + 6zx
L 1 4
(iﬁ)4m2+n2+p2—4mn+2np—4pm (1V]a2+?+4-2—a+4a
(v) 16a2 + 25b2 + 36¢2 — 40ab — 60bc + 48ca (Vi) 4a2 + 9b2 + ¢ + 12ab + 6bc + 4ca
3
2. (1) x3 + 9x2 + 27x + 27 (1) 27x3 + 108x2y + 144xy? + 64y
1 1

| 2 g .. 3 3 i

(iii) —-125:113 +75m“n -15mn© +n (iv) 27x° + 9x + = + 27x3

i (v) m®> - 3m? + 3m -1 (i) 27a® - 54a2b + 36ab? - 8b°

3 1

| 2 2 3 5 .
| 343y3 - 735y2x + 525yx“ - 125x (viil) 126x° ~15x + == ~ =3
3. 20 4. 20 5. +10 6. 28
| 7. 335 8. 81 9. 424 10. (a) 18 (b) 110

11.(a) 14 (b) 76
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Revision Exercise 3

1. Evaluate the following.

2
3. Prove:
1 1 1
i + + =)
5 lae D@ 4300 1] ipBebiy o CEbii i
xﬂ ]..fﬂb xb 1/bc xC 1/ca
(ﬁ] [j;c_bJ [;E‘ F =1
4. Find each of the following,
2 7 8b 13b
3. 205 2l it) (7 __)(m__—]
(”[p 3][1” 5] ”[‘”13 16
Sa aehisa " 9e
i 2 2 2 2
= i - +
(ii1) (Om“ -11n“)(13m“ +5n°) (iv) [4b Gd][f-lb Gd)
5. Expand each of the following.
(1) [2; Szb ] (ii) (Bx — 7yz)? (iii) (3a + 4b +5¢)?
liv].2x—80~ 72" () @p: 39l (vi) (5a —2)°
6. If a2 + b2 =13 and ab = 6, find the values of (i) a + b and (ii) a - b.
1 ) Ry ol
7. If x + — =6, find the values of (i) x +—23nd (ii) x ey
X X X
o 2eil ; 1 1
8. If m¢ + — =98, find the values of (i)l m+—and m - —-
m? ) m m
9. fa+b+c=17 and ab + bc +ca =90, find o Lhe s
1
10. If 3m B - 7 find the values of (i) 9m? + 5~ and (ii) 27m° - Y
3m 9mnm 27m
1 1
11: 112 +~—1— = 4, find the values of (i) dg® = ) B g < and (iii) 16a? + -
2a 4a? 8a 16a

)22 TR _
(i) 16)"* +16)>* +(16)* +(16)%*
(i) 40 +471 +472 44172 [ 47172

\/_+«/7
\/64+36

(iv

(V)

6 4D
5
. Simplify the expression 3 ’ 125x X (4}5]
216 o
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